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a b s t r a c t
The New Leon model (NLM) is based on a combination of the flow theory of plasticity
and damage mechanics. First, the damage evolution law of the model, which yields finite
element mesh size-dependent results, was regularized. The slope of the softening curve
predicted by the model was slightly too flat compared with uniaxial tensile test results;
thus, the evolution law of the damage variable was enhanced to correct defects. The
yield function of the New Leon model had two vertices at the intersection with the
hydrostatic axis. To avoid this problem, the stress state was assumed to be projected onto
the hydrostatic axis in the first vertex and along the hydrostatic axis in the second. The
NewLeonmodelwas then comparedwith the Extended Leonmodel in a first experiment by
Hurlbut and a second experiment by Imran. Finally, the New Leon, extended finite element,
and gradient enhanced damage models were applied to plain concrete tests to simulate
the cracking of concrete, and crack mouth opening displacement results were obtained.
Compared with other models, the New Leon model yielded values that were generally in
better agreement with the experimental results.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
Numerical simulations in concrete structural engineering require the use of realisticmaterialmodels. A series of advanced
constitutive models for concrete were developed in [1–5]. All these models are based on the strength criterion proposed
in [6]. The Leon Model (Leon criterion) was one of the first mathematical models used to describe the strength of concrete
under different types of stress paths. Two constitutive models are reviewed in the present study. The first one is the well
known Extended Leon Model, and the second one is denoted as the New Leon Model.
The Extended Leon Model was developed in [3,7]. This model is based on the strength criterion proposed in [6] and
is an extension of the material model developed in [2]. This constitutive model describes the behavior of concrete that is
subjected to tensile, as well as compressive, loading under low and high conning pressure states. The Extended Leon Model
is a single-surface plasticity model with nonlinear hardening and nonlinear softening behavior. An enhanced version of the
Extended LeonModel was proposed in [8]. The New LeonModel, an advanced constitutive model for concrete, was recently
proposed in [9,10]. This model is a single-surface damage-plasticity model, in which the hardening process is described by
isotropic plasticity, and the softening process involves isotropic damage with one scalar damage variable. This constitutive
model is a modified and enhanced version of the original Leon Model, similar to the Extended Leon Model.
The New Leon model, based on the Extended Leon Model, is a modified and enhanced version of the original Leon
model [6]. The damage evolution law of this model is dependent on the finite element mesh size results. Hence, the damage
evolution law has to be regularized. The yield function of the modified Leon Model has two vertices at the intersection with
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the hydrostatic axis. One vertex is in the tensile region, and the other is in the compressive region. The slope of the softening
curve for the uniaxial tensile tests predicted by the model is slightly too flat compared with the experimental results. The
enhanced evolution lawof the damage variable has to be defined, and the two vertices require special treatment. The present
paper focuses on the realistic description of the New Leon Model and aims to provide a critical evaluation and comparison
of the different models for concrete.
2. New Leon model
The plastic part of the New Leonmodel is defined in the effective stress space. The yield function of the plastic part of the
New Leonmodel fp,NL (NL . . .New Leonmodel) depends on the effective hydrostatic (mean) stress σ¯m, the effective deviatoric
radius ρ¯ and the effective Lode angle θ¯ , respectively, and one strain-like internal hardening variable αp:
fp,NL (σ¯ ;α) = fp,NL

σ¯m, ρ¯, θ¯;αp
 = 1− qh αp
f 2cu
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The shape of the yield function in the deviatoric plane is controlled by the deviatoric shape function
r

θ¯
 = 4 1− e2 cos2 θ¯+ (2e− 1)2
2

1− e2 cos θ¯+ (2e− 1)4 1− e2 cos2 θ¯+ 5e2 − 4e , θ =

0,
π
3

(2)
which depends on the eccentricity parameter e and the effective Lode angle [1]. The eccentricity parameter is computed
from the formula
e = 1+ ϵ
2− ϵ (3)
with the parameter ϵ defined as
ϵ = ftuf
2
bu − f 2cu
ftuf 2bu − f 2tu
(4)
the uniaxial tensile strength ftu, the uniaxial compressive strength fcu and the biaxial compressive strength fbu, respectively.
The shape of the yield function in the deviatoric and meridional plane is scaled by the friction parameterm0. Similar to the
deviatoric shape function, the friction parameter depends on the eccentricity parameter:
m0 = f
2
cu − f 2tu
fcuftu
e
e+ 1 . (5)
The plastic potential does not depend on the effective Lode angle, hence, the plastic potential has a circular shape in the
deviatoric plane and the flow rule is non-associated:
gp,NL (σ¯ ;α) = gp,NL

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
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The shape of the plastic potential in the deviatoric plane is controlled by the friction parameterm0 and the shape of the
plastic potential in the meridional plane by the functionmg depending on the effective pressure which is defined as
mg

σ¯m
 = AgBg fcue σm− ftu3Bg fcu . (7)
In (7), the model parameters Ag and Bg are computed from the two relations
Ag = 3ftufcu +
m0
2
(8)
Bg =
1
3

1+ ftufcu

ln

Ag
− ln 2Df − 1− ln 3+ m02 + ln Df + 1 (9)
with Df = 0.85.
The damage loading function of the New Leon model is formulated in the strain-space:
fd,NL

ε, εp;α = fd,NL ε, εp;αd = ε˜ ε, εp− αd. (10)
RE
TR
AC
TE
D
J. Xu et al. / Journal of Computational and Applied Mathematics 236 (2012) 4873–4881 4875
In (10), ε˜ represents the equivalent strain and αd the strain-like softening variable. Both variables are defined in following
section.
2.1. Flow rule
The evolution of the rate of the plastic strain tensor is described by a non-associated flow rule. It is defined as
ε˙p = γ˙ ∂gp,NL
∂σ¯
= γmp,NL (11)
where the gradient of the plastic potential with respect to the effective stress tensor mp,NL which controls the direction of
the plastic strain rate, is written as
mp,NL = γ˙ ∂gp,NL
∂σ¯
. (12)
2.2. Hardening behavior
During hardening, the shape of the yield function and the plastic potential of the plastic part of theModified Leonmodel is
controlled by the normalized strength parameter qh(αp)which is defined as a function of the strain-like internal hardening
variable:
qh

αp
 = qh0 + (1− qh0) αp α2p − 3αp + 3 if αp < 1
1 if αp ≥ 1. (13)
The initial value of the normalized strength parameter is
qh0 = fcyfcu . (14)
The material parameter fcy denotes the elastic limit stress under compressive loading. The evolution of the strain-like
internal hardening variable αp is given by the hardening law
α˙

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 = ∥εp∥
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The hardening ductility parameter xh (σ¯m) depends on the effective hydrostatic stress
xh

σ¯m
 =
Ah − (Ah − Bh) exp
− Rh(σ¯
m)
Ch if Rh

σ¯m
 ≥ 0
Eh exp
Rh(σ¯m)
Fh +Dh if Rh

σ¯m

< 0.
(17)
The variable Rh depends on the hydrostatic stress state and is given as
Rh

σ¯m
 = − σ¯m
fcu
− 1
3
. (18)
Ah, Bh, Ch and Dh are model parameters which can be calculated from the strain values at peak-stress in uniaxial tension,
uniaxial compression and triaxial compression. As mentioned in Grassl and Jirasek’s study [9,11], these four parameters are
to be determined.
2.3. Softening behavior
The softening behavior of themodel is describedby isotropic scalar damage [12]. The evolution lawof the damage variable
ω is defined by the (exponentially increasing) function
ω (αd) = gd (αd) = 1− exp−
αd
εf . (19)
The parameter εf controls the slope of the softening curve. From the loading/unloading function, the strain-like internal
softening variable for the damage part αd has to be equal to the equivalent strain ε˜
αd = ε˜. (20)
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Hence, the rate of the strain-like internal softening variable can be written as
α˙p = ˙˜ε =

0 if αp < 1
ε˙p,vol
xs

ε˙p,vol
 if αp ≥ 1. (21)
ε˙p,vol denotes the volumetric plastic strain rate which can be computed from the equation:
ε˙p,vol = ε˙p : δ =
3
i=1
3
i=1
ε˙
p
ii. (22)
The softening ductility parameter xs

ε˙p,vol

depends on the volumetric plastic strain rate and controls the evolution of
the damage variable:
xs

ε˙p,vol
 =
1+ AsR
2
s

ε˙p,vol

if Rs

σ˙m

< 1
1+ As

4

Rs (ε˙)− 3

if Rs

σ˙m
 ≥ 1. (23)
The recommended value for the parameter As is As = 15. The function Rs is defined as
Rs

ε˙p,vol
 = ε˙p,volΘ˙ε˙p,vol (24)
with the negative part of the volumetric plastic strain rate ε˙p,volΘ calculated from the principal plastic strain rates ε˙
p
i as
ε˙
p,vol
Θ =
3
i=1
−ε˙pi  . (25)
2.4. Regularization of the softening behavior of the model
The damage evolution law of the model yields to finite element mesh size dependent results if the parameter εf is
not adjusted to the characteristic length of the respective finite element [13]. To avoid this problem, particularly for finite
elementmesheswith elements of variable size, shape and integration order, the damage evolution law has to be regularized.
This approach is discussed in the following.
The Clausius–Duhem inequality for isothermal processes (purely mechanical theory) is given by
D = P − ρΨ˙ = σ : ε˙ − ρΨ˙ ≥ 0 (26)
with P denoting the stress power Ψ (εe − ω) and the Helmholtz free energy which is chosen, according to Grassl and
Jirasek [9–11], as
Ψ

εe;ω = 1
ρ
σ : εe = 1
2ρ
(1− ω) εe : C : εe. (27)
ρ is the density of the material. Considering the Helmholtz free energy the decomposition of the strain tensor and the
constitutive relation
σ = (1− ω)C : εe. (28)
D can be written as
D = 1
2
εe : C : εeω˙ + σ : ε˙p ≥ 0. (29)
The dissipated energy per volume Y ,
Y =
 ∞
0
Ddt (30)
specializing for the case of a uniaxial tensile test leads to
Dt = 12E

εet
2 ˙ω + σt ε˙pt ≥ 0 (31)
inserting the damage evolution law in the relation between nominal and effective stresses leads to the uniaxial tensile stress
for the softening region
σt = (1− ω) σ¯t = ftu exp−
αd
εf . (32)
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In case of uniaxial tensile loading, the volumetric plastic strain rate is larger than zero. From Eq. (21) xs = 1, inserting
xs in (21) leads to the consistency of the rate of the uniaxial plastic strain and the rate of the strain-like internal softening
variable
ε˙
p
t = ε˙t p,vol = α˙d. (33)
The rate of the damage variable is computed from Eq. (19) as
ω = 1
εf
exp
− αdεf α˙d. (34)
Considering (32)–(34) and the relation
εet |αd≥0 =
ftu
E
= const (35)
the dissipated energy per volume of a uniaxial tensile test is derived from (30) as
Yt =
 ∞
0
Dtdt =
 ∞
0
f 2tu
2E
1
εf
exp
− αεf dαd +
 ∞
0
ftu exp
− αεf dαd = f
2
tu
2E
+ ftuεf . (36)
The dissipated energy of the damaged zone YΩ,t is computed as
YΩ,t =

V
YtdV = YtAl (37)
where V = Al represents the volume of the damaged zone, A denotes the area of the crack plane and l the length of the
damaged zone orthogonal to the crack plane. The specific mode I fracture energy can be computed from the area below the
envelope of a (nominal) stress–displacement diagram obtained from a uniaxial tensile test:
GIf =
 ut ,u
o
σt (ut) dut . (38)
ut,u denotes the ultimate displacement which is equal to the ultimate crack opening displacement ut,u = ut,u,COD. The
dissipated energy (37) coincides with the specific mode I fracture energy in (38) multiplied by the area of the crack plane:
YΩ,t = GIf H⇒ Yt =
GIf
l
. (39)
Within a finite element, the length of the damaged zone orthogonal to the crack plane is defined as the characteristic
length of the finite element l = lchar. Hence, the unknown regularization parameter εf can be derived by inserting (36) in
(39) as
εf =
GIf
ftulchar
− ftu
2E
. (40)
The regularization parameter must be larger than zero to avoid unrealistic material behavior during softening. Following
relation must be fulfilled:
lchar <
2EGIf
f 2tu
. (41)
Substituting the regularization parameter εf , which depends on the specificmode I fracture energy and the characteristic
length of the element—for the parameter εf in (36) leads to amesh size independent softening behavior of themodified Leon
model.
2.5. Enhancement of the softening behavior
For uniaxial tensile tests, the slope of the softening curve predicted by the model is slightly too flat compared to the
experimental results. In contrast, the exponentially increasing evolution law of the damage variable yields to a sharp bend
of the stress–strain curve in uniaxial compression which does not agree with the experimental results. Hence, the evolution
lawof the damage variable (19)will be enhanced to correct these defects. The enhanced evolution lawof the damage variable
is defined as
ω˜

σ¯md
 = g σ¯md , αd = 1− X σ¯md  1
1+ αd
εf ,t
2 − 1− X σ¯md  e−

αd
εf ,c
2
. (42)
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The parameter X

σ¯md

in (42) controls the proportion of the hyperbolic function and the quadratic exponential function,
respectively,
X

σ¯md
 =

0 if σ¯md ≤ −
fcu
3
3σ¯md
fcu
+ 1 if fcu
3
< σ¯md < 0
1 if σ¯md ≥ 0
(43)
the variable σ¯md in Eq. (43) is equal to the effective mean stress σ¯
m
d = σ¯m and the parameter X is computed from (43). In
(42), the parameters εf ,t and εf ,c , respectively, control the slope of the softening curve. According to that mentioned, the
regularization parameters are evaluated from (39) and the dissipated energy per volume (34) is written as
Yt =
 ∞
0
Dtdt =
 ∞
0
f 2tu
2E
2X
εf ,t

1+ αd
εf ,t
3 dαd +  ∞
0
f 2tu
2E
(1− X)2αd
ε2f ,c
e
−

αd
εf ,c

dαd
+
 ∞
0
ftu
X
1+ αd
εf ,t
2 dαd +  ∞
0
ftu(1− X)e
−

αd
εf ,c

dαd
= X f
2
tu
2E
+ ftu(1− X) f
2
tu
2E
+ Xftuεf ,t + (1− X)
√
π ftu
2
εf ,c
= f
2
tu
2E
+
√
π ftu
2
εf ,c + Xftu

εf ,t −
√
π
2
εf ,c

. (44)
To make the dissipated energy per volume independent of the parameter X , the bracketed term in the last row in (44)
must be zero. Hence, the regularization parameter εf ,t can be expressed in terms of the regularization parameter εf ,c as
εf ,c =
√
π
2
εf ,c . (45)
Inserting (44) in (39) leads to the regularization parameter εf ,c
εf ,c =
2GIf√
π ftulchar
− ftu√
πE
. (46)
Consequently, the regularization parameter εft follows from (45) as
εf ,t =
GIf
ftulchar
− ftu
2E
(47)
both regularization parameters are determined from the specific mode I fracture energy.
2.6. Cut-off function for the New Leon model
The yield function of the New Leonmodel has two vertices at the intersectionwith the hydrostatic axis, one in the tensile
region and the other in the compressive region. Hence, for these two vertices a cut-off function has to be implemented. The
cut-off function for the New Leonmodel fNLCO (NLCO New Leonmodel cut-off function) can be derived from the yield function
of the New Leon model by setting the deviatoric radius equal to zero:
fNLCO

σ¯m;αp
 = fp,NL |ρ¯=0 = 1− qhf 2ch
 
σ¯m
4 + m0q2h
fcu
σ¯m − q2h = 0. (48)
With the additional shifting parameter σ¯mshift, (48) can be written as
fp,NLCO =

1− qh
f 2cu
2 
σ¯m + sgn σ¯m σ¯mshift4 + m0q2hfcu σ¯m + sgn σ¯m σ¯mshift− q2h = 0. (49)
The shifting parameter is chosen as σ¯mshift = 1 ·10−4 N/mm2. The plastic potential is chosen to be associated to the cut-off
function
gp,NLCO

σ¯m;αp
 = fp,NLCO . (50)
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Fig. 1. Experimental and numerical results of the uniaxial tension tests.
Table 1
The material parameters for simulations.
Parameter (Mean) value
Ec 32000.00 N/mm2
vc 0.18 N/mm2
fcm,prism 32.80 N/mm2
fctm 3.30 N/mm2
GIf 0.0675 Nmm/mm
2
3. Comparison with experimental results
3.1. Experiments by Hurlbut
As reported in [1,14–16] conducted a series of direct uniaxial tensile tests with unnotched specimens. Two direct tensile
specimens were loaded monotonically and one direct tensile specimen was loaded cyclically. For the latter each of the
two loading/unloading cycles was driven between zero displacement and the stress–strain envelope. Cyclic loading was
applied to all triaxial compression tests. The cylindrical specimens had a diameter of 54 mm and a height of 108 mm. One
specimen of half height and the same diameter was tested to investigate the uniqueness of the load–displacement response
under tensile loading. Only the experiments according to the full size specimens are simulated numerically, hence, the
characteristic length of the finite element is lchar = 108 mm.
The results of two experiments with direct tensile monotonic and cyclic loading, respectively, and the results of the
analyses are shown in Fig. 1. As can be seen in the stress–strain diagram, the two experimental results are slightly different
regarding the uniaxial tensile strength and the softening curve but the overall response is the same. Similar to the analysis
of the experiment in [12], the unloading cycles are omitted for the Extended Leon model. The uniaxial tensile strengths,
reproduced by the Extended Leon model and the New Leon model, agree well with the experiments. The New version of
the Extended Leon model fits the softening response of the experiments much better than the enhanced version proposed
in [8]. The New Leonmodel overestimates the stress in the post-peak region similar to the analysis of the experiment in [12].
In contrast, the results obtained by the enhanced version of the New Leon model agree much better with the experimental
ones.
3.2. Experiments by Imran
Tests dealingwith compressive loading under different levels of lateral confinementwere conducted in [17]. Thematerial
parameters of the specimens are summarized in Table 1. The specificmode I fracture energy in Table 1 is estimated according
to CEB-90 [18] from themaximum aggregate size of dmax = 10mm. The characteristic length of the finite element is chosen
equal to the height of the specimens: lchar = 108 mm.
The results of the experiments and the analyses are represented in Fig. 2. As can be seen, the peak-loads at different
levels of confinement are well predicted by both models. The axial and lateral strains computed with the Modified Leon
model agree with those of the experiments. The axial and lateral strain computed with the enhanced version of the New
Leon model agree even better with the experiments. The Extended Leon model underestimates both, the axial and lateral
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Fig. 2. Experimental and numerical results of the triaxial compression tests.
Table 2
Material parameters for the numerical simulations of the PCT-3D test.
Concrete Steel
Param. Mean value Param. Mean value
ρc 2449 kg/m3 ρc 7850 kg/m3
Ec 37292 N/mm2 Ec 210000 N/mm2
νc 0.192 νc 0.30
fcm,cyl 40.12 N/mm2
fctm 4.83 N/mm2
GIf 0.075 N mm/mm
2
Fig. 3. Finite element mesh of the numerical models PCT-3D.
strain, in particular under higher levels of confinement. Using the equation of the hardening ductility parameter for high
confinement instead of the one for low confinement for the Extended Leon model (referred to as ELM-conf. in Fig. 2) does
not improve the results in general because the lateral confinement is not high enough. As can be seen in Fig. 2, only the
results obtained for the highest lateral confinement (σr = −43.00 N/mm2) agree slightly better with the experiment.
4. Numerical examples
The material parameters used for the numerical simulations of the PCT (plane concrete test) [19–21] can be found in
Table 2. Finite elements are used to discretize the whole model.
The experimental and numerical results of the PCT-3D test are shown in Fig. 4, plotting the vertical force at the point of
load application in terms of the crack mouth opening displacement. The crack mouth opening displacement is measured
across the notch at the front edge of the top face of the specimen. PCT-3D-XFEM used linear-elastic constitutive relations
for concrete and a crack model based on Extended Finite Element (see Fig. 3). The results for the PCT-3D-XFEM and
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Fig. 4. Experimental and computed CMOD curves of the PCT-3D test.
PCT-3D-NLM agree much better with the experimental results than PCT-3D-GDM. The peak loads and the crack mouth
opening displacements at peak load of the individual experiments differ considerably from the respective mean value. The
peak load for the PCT-3D-GDM model is much higher than the average ultimate load of the experiments. From the two
independent analyses PCT-3D-NFEM, it can be concluded that the assumption of a reduced uniaxial tensile strength of fctm =
3.05 N/mm2 is appropriate. The post-peak envelope is predicted very well by the present PCT-3D-NLM model. In contrast,
the numerical simulation PCT-3D-Gasser overestimates the P-CMOD-curve from the peak load until CMOD ≈ 0.10 mm.
Thus, the crack surface predicted by the New Leon model agrees slightly better to the experimental ones than the crack
surface predicted by Extended Finite Element model.
5. Conclusions
The New Leon Model is based on the combination of the theories of plasticity and continuum damage mechanics. The
softening law of the New Leon Model was enhanced by the author to obtain a better representation of the experiment. A
regularization scheme, which guarantees objectivity of the material models with regard to the finite element mesh size
in an approximate manner, was also presented. Finally, the enhanced version of the New Leon Model was validated using
three-dimensional numerical simulations. The New Leon Model agreed well with the experimental models.
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